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ABSTRACT
A complete analysis of a lid-driven cavity is done using finite difference method of
computational fluid dynamics. This analysis is applied to the transient Navier—Stokes
equations in two dimensions as well as continuity equations in two dimensions. The results
obtained from the present analysis give information on behavior of fluid at different values of

the Reynolds number.
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INTRODUCTION

The lid-driven cavity problem has long
been used as a test or validation case for
new codes or new solution methods. The
problem geometry is simple and two-
dimensional (2D), and the boundary
conditions are also simple. Simulations
can also be done at various aspect ratios,
and it can also be done with the lid
replaced with a moving fluid. This
problem has been solved as both a laminar
flow and a turbulent flow, and many
different numerical techniques have been
used to compute these solutions. Since this
case has been solved many times, there is a
great deal of data to compare with. We are
applying transient finite difference method
(FDM) to Navier—Strokes equation. We
have converted the unsteady Navier—
Stokes equation into unsteady finite
difference equation. We are then going to
run the equations in a software and get the
results. This work has been done before
using the finite volume method using

Ansys software. This would provide us
some results to compare with. The data
would be compared with the existing
results which have been verified and an
operating domain would be set in which
the method would work. Once the software
analysis gives some prominent results
which seem to match the physical flow,
then this method can be further used to
predict different flows on different
surfaces and different shape of cavities.
These predictions can be achieved by
changing the boundary conditions or by
changing the shape or size of the boundary
wall of the cavity.

REVIEW OF LITERATURE

A numerical work is performed to analyze
combined convection heat transfer in fluid
flow [1], and a finite volume technique is
presented for the numerical solution of
steady laminar flow of Oldroyd-B fluid in
a lid-driven square cavity over a wide
range of Reynolds and Weissenberg
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numbers [2]. The effect of a variable
spatial magnetic field on ferro-nanofluid
flow and heat transfer in a double-sided
lid-driven enclosure with a sinusoidal hot
wall is investigated [3]. A study of a
convergent and highly accurate mixed
finite element technique to model the
effect of fluid elasticity on the flow
kinematics and the stress distribution in
lid-driven cavity flow has been used [4].
Mixed convection heat transfer in a lid-
driven cavity along with a heated circular
hollow cylinder positioned at the center of
the cavity has been analyzed numerically
[5]. Improvements to a finite difference
code, REBUFFS, have made possible the
first completely successful simulation of
the 3D lid-driven cavity flow [6],
analyzing the OpenMP performances in
order to simulate the lid-driven cavity flow
using lattice Boltzmann method (LBM)
[7]. Analyses of laminar mixed convection
and entropy generation in a cubic lid-
driven cavity have been performed
numerically [8]. Stereo imaging methods
are used to measure the positions of solid
spherical particles suspended in a viscous
liquid and enclosed in a transparent cubic
cavity [9]. The problem of the time-
dependent laminar incompressible flow
motion within parallelepipedic cavities in
which one wall moves with uniform
velocity after an impulsive start using a
particle-streak and a dye emission
technique [10]. A finite difference scheme
to compute steady-state solutions of the
regularized 13 moment (R13) equations of
rarefied gas dynamics [11], and 3D
numerical simulations of fluid flow and
heat transfer in a lid-driven cavity filled
with a stably stratified fluid have been
performed to study the effect of a sliding
lid on the flow and thermal structures in a
shallow cavity [12-14]. . A finite volume
technique is done for the numerical
solution of steady laminar flow of
Oldroyd-B fluid in a lid-driven square

cavity over a wide range of Reynolds and
Weissenberg numbers [2]. A study of a
convergent and highly accurate mixed
finite element technique to model the
effect of fluid elasticity on the flow
kinematics and the stress distribution in
lid-driven cavity flow has been used. In
the numerical investigations, the corner
singularities have been treated by
incorporating a controlled amount of
leakage which allows the computation of
fully elastic mesh-converged solutions [4].
Numerical analysis of a mixed convection
heat transfer in a lid-driven cavity along
with a heated circular hollow cylinder
positioned at the center of the cavity has
been performed [5]. The effects of Prandtl
number on the flow structure and heat
transfer in the cavity are studied for
laminar ranges of Re and Gr [15]. Various
calculations through different methods and
study on the effect of solid volume
fraction, Rayleigh number and Reynolds
number on the flow pattern and heat
characteristics were investigated. Comes
as positive effect on heat transfer
enhancement [16]. Various numerical
simulations of mixed convection flows in a
square lid-driven cavity partially heated
from below using Cu-water, Ag-water,
Al,Oz-water and TiO,—water nanofluid
were studied here, and FDM was
employed for the solution of the present
problem [17].

METHODOLOGY

Navier-Stokes Equation

It is a partial differential equation that
describes the flow of incompressible,
viscous flow.

A viscous flow is one where the transport
phenomena of friction, thermal
conduction, and/or mass diffusion are
included. These transport phenomena are
dissipative; they always increase the
entropy of the flow.
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The advantage of using a time-dependent
Navier—Stokes approach is its inherent
ability to evolve to the correct steady-state
solution. The momentum equations for a
viscous flow were identified as the
Navier—Stokes equations. However, in the
modern CFO literature, this terminology
has been expanded to include the entire
system of flow equations for the solution of
a viscous flow continuity and energy as
well as momentum. Navier—Stokes
equation, in fluid_mechanics, is a partial
differential equation that describes the flow
of incompressible fluids. The equation is a
generalization of the equation devised by
Swiss mathematician, Leonhard Euler, in
the 18th century to describe the flow of
incompressible and frictionless fluids. In
1821, French  engineer, Claude-Louis
Navier, introduced the element of viscosity
(friction) for more realistic and vastly more
difficult problem of wviscous fluids.
Throughout the middle of the 19th century,
the British physicist and mathematician, Sir
George Gabriel Stokes, improved on this
work, though complete solutions were
obtained only for the case of simple 2D
flows. The complex vortices
and turbulence, or chaos, that occur in 3D
fluid (including gas) flows as velocities
increase, have proven intractable to any but
approximate numerical analysis methods.

Conservation of Momentum

The momentum equation is a statement of
Newton’s second law and relates the sum
of the forces acting on an element of fluid
to its acceleration or rate of change of
momentum.

Newton’s 2nd law can be written as
follows:

The rate of change of momentum of a
body is equal to the resultant force acting

au) _
Waz -

v v
p( +u—+v—+w—)=——

dp
ax
dp
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on the body and takes place in the
direction of the force.

Newton's second law, expressed above,
when applied to the moving fluid element
in Figure 1 says that the net force on the
fluid element equals its mass times the
acceleration of the element. This is a
vector relation, and hence can be split into
three scalar relations along the x-, y-, and
z-axes. This type of analysis results into
the momentum equations as follows:

Du  0p 0Ty 0Tyx 0Ty
Dt o9x  ox oy 0z H2E
Dv dp Ot ot Jat
p— = — xy vy Zy+pfy
Dt dy Ox dy dz
Dw  0p 074 0Ty, 07,
th__E)Z dx dy dz +rf
Continuity Equation
A continuity equationin physics s

an equation that describes the transport of
some quantity. It is particularly simple and
powerful when applied to aconserved
quantity, but it can be generalized to apply
to any extensive quantity.
Since mass, energy, momentum, electric
charge and other natural quantities are
conserved  under  their  respective
appropriate conditions, a variety of
physical phenomena may be described
using continuity equations.

Continuity equations are a stronger, local
form of conservation laws. For example, a
weak version of the law of conservation of
energy states that energy can neither be
created nor destroyed — i.e., the total
amount of energy in the universe is fixed.
This statement does not rule out the
possibility that a quantity of energy could
disappear from one point  while
simultaneously appearing at another point.
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Fig. 1. Newton's second law: when applied to the moving fluid element.

A stronger statement is that energy
is locally conserved: energy can neither be
created nor destroyed, nor can it "teleport”
from one place to another — it can only
move by a continuous flow. A continuity
equation is the mathematical way to
express this kind of statement. For
example, the continuity  equation
for electric charge states that the amount of
electric charge in any volume of space can
only change by the amount of electric
current flowing into or out of that volume
through its boundaries.

The integral form of the continuity

equation states that:

e The amount of g in a region increases
when additional g flows inward
through the surface of the region, and
decreases when it flows outward;

e The amount of gin a region increases
when new q is created inside the region,
and decreases when q is destroyed;

e Apart from these two processes, there
is no other way for the amount of g in
a region to change.

Mathematically, the integral form of the
continuity equation expressing the rate

of increase of q within a volume V is
dq . _
— +4p j-dS =3, where

e Sis any imaginary closed surface, that
encloses a volume V,

. # S dS denotes a surface

integral over that closed surface,

e (s the total amount of the quantity in
the volume V,

e jisthe flux of q,

e tistime.

By the divergence theorem, a general
continuity equation can also be written
in a "differential form™:

dp .
E +V J=0

where

o V- isdivergence,

e pis the amount of the quantity q per
unit volume,

o Jisthe flux of g,

e tistime,

e oisthe generation of g per unit volume
per unit time. Terms  that
generate q (i.e., 0> 0) or
remove g (i.e., o < 0) are referred to as
a "sources" and "sinks", respectively.
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Finite Difference Method

FDMs are numerical methods for solving differential equations by approximating them

with difference equations, in which finite differences approximate the derivatives. FDMs are

the dominant approach to numerical solutions of partial differential equations. FDMs are
thus discretization methods.

e First, a tailor series expansion is created of the function whose derivatives are to be
approximated:

(2) (n)
Fltot ) = £x) + L0 L2 00 p  SECD g

e Then, taking x = a, dividing by h and considering the remainder term is sufficiently small,
we get:

fla+h)—f(a)

f'(a) = h

Error in Finite Differential Method

e The error in FDM is defined as the difference in the approximate and exact analytical
methods.

e To use an FDM to approximate the solution to a problem, one must first discretize the
problem's domain. This is usually done by dividing the domain into a uniform grid.

e FDMs produce sets of discrete numerical approximations to the derivative, often in a
"time-stepping” manner.

e The error in the method can be reduced by expanding the tailor series to a higher order.

DERIVATION
Navier—Strokes equation in 2D:

du du du du 16p u (0%u %u

Ut —+W—=—2E —( — +— 1
at 0x dy 0z p 0x p \9x? + dy? + g ( )
99 09 09 _~10p pu (029 929 0219

—+U—+19 —tW——— —( — +— 2
ot 0x dy 0z p dy p \0x> + dy? + g ( )

The above terms are for incompressible 2D Navier—Stroke equation. The following equation
is incompressible flow equation:

Jdu 09 _ .. > .. -
St o, =0 V.7=0) ()~ V.v

In order to simplify the discretization process, steam function—vorticity method is easy and
suitable at elementary level. This is accompanied by finite difference description of formatted
equations.

The simplicity of converting u, 9 velocities in stream function is actually converting two
variables into one variable. Hence the computational complexity of calculating variables gets
reduced.

Hence, u = 67;} and 9 = —Z—j, according to the definition of stream function. 4
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From the definition of vorticity,
a9 ou

oy @ (5)

Now, differentiating Equations (1) and (2) with respect to “y” and “Xx”, respectively, we get

0%u  dudu +u 0%u dudd o 0%u u_-1 _09p +H 23y 3y (6)
atdy 09xdy ayax oy ay ay p 0udx p‘0ydx? = 0y3
R 09 ou 90999, 9%y 0%y _-1 0? o3%u 939

L PR I000 T Ly 20 )
dtdx 0x d0x 9y dx 0x2 ayax p 0ydx p‘0x3 = 0dy20x

From Equations (6) and (7),

92 929 2%u 6219 0%u 929 ou (09 , ou 99 (ou | 09 6319
() 0 (B EA) (2 () - (5
dtdy  Odtdx dyox 8x ay dyox) 0y \dy Ox dx \dx dy p 6x3

23u 23u 939
0ydx? a_y3 - axayZ) (8)
By applying this, Equation (8) gets reduced to vorticity equation as follows:
dw %w  0*w
ac tY +193y __(ax2+6_3/2) 9)
Hence, Equation (9) is now dimensional governing equation.
Converting Equation (9) into dimensionless equation,
letn =<2
vr
x:f,yz U=2yv=2 (10)
h ‘Uf ‘Uf

T= wa; Re=Reynolds number = 2%,

Substituting Equation (10) in Equation (9), we get

SN DY I e )
E h

"’Th o+ (va ) aam T (vvf ) a(vh)  p (Yh)2 8(Xh)? (11)

vf

a0 a0 a0 1 (920 | 3%Q

a U5 =2 G+ 50) (12)
The above equation is now dimensionless governing differential equation.
Since, central difference gives us

QE‘H _Q?j n Ul:r}l-l,jﬂ?+1] Uzn 11911 1,j ViZ'+1'Q§j+1 VLT} 19?] 1
AT 20X 2AY
_ 1 0“?+1] ZQn +Q:1 1,j Q'l]+1 ZQn +Q?] 1
" Re ( (AX)2 + (AY)2 (13)
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Also, we had Z—Z + % = 0 (incompressible equation) (14)
Using stream function equation,

2’y 9%y
x? + ay? =—w (15)

. v . .
Using ¥ = — non-dimensional,

vr
%y %y _ _
o T ayr = (16)
The discretization of Equation (16) is given as follows:
Wl t Wit 2% | WitV 2YE o
(ax)? (@y)? = (17

Once the equations are discretized, the next step is the application of boundary condition.

op

WV

right — 0

q;bﬂttam =0

The top has x-direction dimensional velocity equal to unity, but since we are dealing with
stream functions, the value of ¥ = 0 at all boundary conditions. From boundary conditions,
using Equation (17), we can write Q in terms of W¥.

Rewriting Equation (17),

_qQr. = Wi tWijo1—2WY | Wiyt Wi 295
L (AY)2 (AX)?

(18)

For left, i =1 in Equation (18), and j = j and (remains same):
Wi = 0 becomes W/ = 0
I+1=2,i—-1=0 j+1=j+1(remains same)
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=~ For left, Equation (18) becomes

n _ Yo Ve
ap, =0 (19)
We know that 9 = 0 (vertical velocity=0) for left,
‘Z—: = 0 . writing in central difference scheme, (20)
Y2~ %oi _ o
20X 0.] (21)
Wo; =¥z (22)
. . . } —_2ypn .
Putting Equation (22) in Equation (19), O} ; = (ix)zj (23)
Similarly, for right side and bottom side,
n _ —2‘{'?_1”
‘Ql] - (AX)2 (24)
—297
U1 = G (25)
For top side,
_‘p‘{,l'— +lp%’1.
From the definition of stream function, in non-dimensional form for top side,
_ 6‘}’th
UVf ~ aYh (27)
For top, ¥/, does not exist (everything is non-dimensional);
~weuseU = % (28)
=~ central difference scheme on Equation (28)
W{ljﬂ = UAY + lPi’fj_l (30)

Put (30) in (26) to get ¥; ;,.1, U is x-directional non-dimensional velocity
In order to get non-dimensional X and Y velocities, we use central difference scheme:

n.o_ypn
UTL = —Lpi'j+1 \Pl'J_l . V_TL. =
2 2AY T

i+1,j i-1,j
2AX

pn o _gn

RESULTS

The following results (Figures 2—-13) were obtained for different values of Reynolds number.
It can be easily be seen that the vorticity increases with the increase in Reynolds number.

Re = 1000
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Dimensionless Velocity V versus Dimensionless Distance
Lid-driven cavity, Re = 1000, Aspect Ratio{H/W) = 0.3333
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Fig. 2. Simulation result for Re = 1000.
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Fig. 4. Simulation result for Re = 1000.
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Lid-driven cavity, Re = 1000, Aspect Ratio(HW) = 0.3333, iteration = 141010

Psi diff = 8.6736e-19, Omega diff = 1.0658e-14

Fig. 5. Simulation result for Re = 1000.
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Fig. 6. Simulation result for Re = 750.

Lid-driven cavity, Re = 750, Aspect Ratio(H/W) = 0.3333, iteration = 118643

Psi diff = 1.7347e-18, Omega diff = 1.4211e-14
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Fig. 7. Simulation result for Re = 750.
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Dimensionless Distance versus Dimensionless Velocity U
Lid-driven cavity, Re = 750, Aspect Ratio(H/W) = 0.3333
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Fig. 8. Simulation result for Re = 750.
Dimensionless Velocity V versus Dimensionless Distance
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Fig. 9. Simulation result for Re = 750.
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Fig. 10. Simulation result for Re = 500.
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Fig. 11. Simulation result for Re = 500.
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Fig. 12. Simulation result for Re = 500.
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Fig. 13: Simulation result for Re = 500.
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CONCLUSION

These equations show the velocity of the
fluid particles at any point in the control
2D system. These equations cannot be
solved arithmetically but have to be
solved numerically. This has be done by
the use of programing software
MATLAB for the 1000, 750 and 500
values of Reynolds number.
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